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1. INTRODUCTION
Throughout this paper we assume that the base field is .
1.1
Let  be an affine Lie algebra and let  be its Cartan subalgebra. By
  Ž .5 ,  admits a non-degenerate bilinear form  ,  , which is positive
semi-definite on  , where  stands for the set of simple roots of . That
form defines an isomorphism  :  . For each   , dim   1
and    generates a Lie subalgebra  of  which is isomorphic to  
Ž .  Ž . 2 . There is a unique positive imaginary root   such that  ,  
0 for all   and all the imaginary roots of  are integer multiples of  .
Ž .We call K   the canonical central element.
A -module M is a weight module if it decomposes into a direct sum of
 Ž .   4its  weight subspaces M :   . Set  M    : M  0 . We 
say that a weight module M is admissible if dim M  	 for all  
and define its formal character by
ch M dim M e .Ž .Ý 
Ž . M
 A -module M is said to be integrable 5, Sect. 3.6 if it is a direct sum
Ž .possibly infinite of finite dimensional  -submodules.
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 DEFINITION 3 . A weight module M is said to be bounded if there
Ž . Ž .exists n such that Re  ,  	 n for all  M .
Notice that a bounded module is necessarily integrable, as for any
Ž . : M  0 and   , an upper bound on Re 
 k , 
 k imposes
 some bound on k , whence x   act locally nilpotently on M. By   
 3, 4 , any simple bounded module is admissible. This result can also be
   obtained from 1 , but we use the presentation of 4 , which we find more
Ž .convenient. Suppose that M is simple and bounded. Then  M   
0
Ž . Ž . Ž . ; hence  ,    ,  for all  M and K acts on M by a0
scalar. If that scalar is non-zero the situation resembles the highest weight
 theory. If K acts trivially then M can be shown 1, 3, 4 to be a simple
subquotient of a tensor product of loop modules. In this work we shall only
consider the latter case.
1.2
Ž .  1 If V is a vector space, set L V  V  t, t . Let  be a finite 0
 dimensional simple Lie algebra. By 5, Theorem 7.4 , an untwisted affine
ˆŽ . Ž .algebra can be realized as L   L  KD with the Lie0 0
structure defined by
 n m    n
mx t , y t  x , y  t 
 n x , y K ,Ž . 0n
m , 0
 n  nD , x t  nx t ,
Ž .for all x, y  , m, n , where  ,  is a multiple of the Killnig form0 0
ˆ Ž1.Ž .of  . If  is of type X , then  L  is said to be of type X . Let0 0 N 0 N
    Ž . denote its derived Lie algebra  ,  . Then   L  K. Finally, a0
subalgebra   KD, where  stands for a Cartan subalgebra0 0
of  , is a Cartan subalgebra of .0
Let V be a finite dimensional  -module. For each a, V can be0
 Ž .made into a  -module called an ealuation module by setting x P . 
Ž .  1 P a x , for all x  , P t, t ,   V, and KV 0. It can be shown0
that every finite dimensional simple -module is isomorphic to a quotient
of a tensor product of such evaluation modules. The latter is simple if the
evaluation points are distinct. In particular, its character is just the product
of characters of the corresponding finite dimensional  -modules.0
Ž .Similarly the action of  on a tensor product of loop modules L V0
Ž .  1 1   L V  V   V  t , . . . , t where V , . . . , Vk1 0 k1 0 k1 0 k1
are  -modules is given by0
k1





D  Q   tŽ . Ý r 
 trr0
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 1   1for all x  ,   V   V , P t, t , and Q t , . . . ,0 0 k1 0
1 t , and for all y  ,k1 0
y Ž r . idr y idkr1 End V   V . 1.2Ž . Ž .0 k1
If k	 1 our modules have infinite dimensional weight spaces, so the
simple quotients are always non-trivial and it is not at all obvious what
their characters should be.
1.3
Here we compute these characters for  of type AŽ1. in the case1
corresponding to the tensor product of evaluation modules at distinct
points. This is quite non-trivial and involves some interesting data on
Ž . Ž .modified Euler functions  d cf. Corollary 4.2 introduced according ton
 2 in 1902 by von Sterneck. Indeed our main result is
PROPOSITION. Assume that  is of type AŽ1. and let M be a generic simple1
Ž .bounded module cf. 3.1 in which the canonical central element K acts
triially. Then there exist m, l
 such that up to translation of a multiple
of 
m l1 m ldm l n kch M e  d e e , 1.3Ž . Ž .Ý Ý Ý n ž /ž /kdm k0 n d 
m , k
where  is a simple root of  and  is the corresponding fundamental weight.
The strategy of our proof is as follows. We first eliminate all t variables
Ž .except one Lemma 2.4 . Then we construct a matrix by applying lowering
operators defined in 3.2 on the highest weight spaces. We find a basis in
Žwhich each column of our matrix has at least one non-zero entry 3.3,
. Ž .Lemma 4.1 . This gives an upper bound on its rank Corollary 4.2 . Since
the evaluation points are distinct, it follows from Lemma 2.5 that our
Žmodule is a direct sum of simples. Through a summation formula Lemma




Retain the notation of 1.2 and let  be an affine algebra of type AŽ1.1
Ž .  4which is also denoted as  2 . In that case    2 . Let x , h , xŽ . 0   
Ž .be the canonical generators of  . Then  is a linear span of x n 0  
n Ž . nx  t , h n  h  t , for all n . Furthermore, h K   
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 Ž . Ž .D is a Cartan subalgebra of . Define  ,   by  K   D  0,
Ž . Ž . Ž . Ž .  K   h  0,  h  2,  D  1. Then  is the positive rooth  
of  ,  is the imaginary root of 1.1, and the -roots of  are n0
4 , n : n  . Let  denote a Heisenberg subalgebra of  , K  ,0
Ž .  Ž .where   h n . Define     x n   x 0    n n
 1  
 
 t, t and set       .0
Ž1.Ž . Ž .  Set Q n  h n and, following 4 , define inductively
QŽm. n , . . . , nŽ .1 m
m
Žm1. h n Q n , . . . , n , . . . , nŽ . Ž .ˆÝ i 1 i m
i1
 2 QŽm1. n 
 n , n , . . . , n , n , . . . , n , 2.1Ž .ˆ ˆŽ .Ý i j 1 i j m
1	ij	m
where n means omitting that argument. The following proposition, due toˆ
  Žm.Ž .4 , justifies the definition of Q n , . . . , n .1 m
Ž 
. 
PROPOSITION. Let W be a simple U  -module in which  acts by zero
Ž . Ž . 
and h 0 acts by m, m 1. Then the induced module MU   WUŽ .
admits an integrable quotient if and only if
QŽm
1. n , . . . , n W 0, n , . . . , n  . 2.2Ž . Ž .0 m 0 m
Ž . 
Again, if V is a U  -module admitting a  -submodule W that satisfies

 m
1 Ž . W 0, x W 0, then 2.2 holds.
2.2
Ž .Let  be the fundamental weight of  and let V  be the two-dimen-0
Ž . Ž Ž ..sional simple  -module. Then L   L V  admits a natural struc-0
 1 1  
ture of a -module. Set  t , . . . , t . For any m , V0 m1
Ž .mL  is a -module with respect to the diagonal action. We identify V
Ž .m Ž .with V  . Let  be a highest weight vector of V  and set
Ž . m  x  . Then W of Proposition 2.1 is just H V   , in   
Ž .which h n acts by the symmetric function
m1
np t  p t , . . . , t  t , n . 2.3Ž . Ž . Ž .Ýn n 0 m1 i
i0
 PROPOSITION 4 . Let m 1 be an integer.
Žm
1.Ž .1. The relations Q n , . . . , n  0 : n   are satisfied by taking0 m i
Ž . Ž .h n  p t .n
Ž .2. All the relations of the polynomial algebra U  are obtained from0
item 1 by taking just n  , n 1, for all i	 0.0 i
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Let V be simple bounded module of type m; that is, m is minimal among the
k
1positie integers k such that x V 0. Then up to translation of a multiple
of 
Ž . Ž .3. V is a quotient of U  H V ,

Ž . Ž . Ž .4. V is generated by H V , which is a quotient of H V as a U  -

Ž . Ž .module; H V has one-dimensional weight spaces and is a simple U  -
module.
Ž .From now on if M is a simple bounded module we use H M to denote
Ž 
.the sum of its highest weight subspaces, which is itself a simple U  -
module.
2.3
Extend  to the dual of the Cartain subalgebra of  by requiring
Ž . Ž . Ž . K   D  0 and observe that the -weights of H V are m

n : n .
  Ž Ž ..LEMMA 4 . Let V be a simple bounded module of type m. Then  H V
 4 m
 nr : n  for some r diiding m.
Proof. Since V is bounded, it is integrable. We may assume, without
mŽ .loss of generality, that m V . Since V is of type m, x V  0. m
Ž .  Then mm V , whence by 5, Proposition 11.1 , mm

Ž . Ž .m 
  m
m V .
Ž .Choose s 	 s , m
 s  V such that r s  s is minimal. By1 2 i 1 2
Ž . Ž .the simplicity of H V , there exist y U  such that y V   r 
 m
s 2
Ž . Ž .V and y V  V . Then y y U  and acts on H Vm
s   m
s  m
s   
 01 1 2
Ž .as a non-zero scalar. Since U  is commutative, y y  y y and we can0 
   

Ž .  choose it to be 1. Therefore, H V is generated by  y , y over V 
 m
Ž Ž ..and  H V m
  r . In particular, r 
m.
Ž .DEFINITION. A simple bounded module V is said to be of type m, r if
Ž Ž .. H V m
  r .
2.4
Ž .Let  denote the subalgebra of  generated by p t , n 1, . . . , m. n
It identifies with the S -invariant subalgebra of . By a theorem ofm
Chevalley,  is a free module over  of rank m! and we may write
	 , where 	 is any graded vector space complement of  in

Ž . Ž .. We can view H V as an -module. In particular, H V 
Ž . Ž .Ann H V . Set 
Ann H V and 
. It follows that  
Ž .identifies with m! copies of H V up to a translation of weight spaces by
integer multiples of  .
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Ž . Ž .mObserve that the quotient L m,   V   of V inherits a

Ž . Ž .-module structure. We may view H V as a  -submodule of L m, 
Ž .through the decomposition 
 	 
 . Therefore, V is

Ž .isomorphic to a submodule of L m,  .
LEMMA. Suppose that lmd and V is a simple bounded module
Ž .of type m, d . Let  be an ideal of  generated by
t  a t , a , i 1, . . . , m 1, 2.4Ž .i i 0 i
where
a  a  s , 0	 r l , 0 s d ,r d
s r d
and  is a dth primitie complex root of unity. Then
Ann H V . 2.5Ž . Ž .
Ž . Ž .Conersely, if an ideal  satisfies 2.5 then  is of the form 2.4 up to
a permutation of the indeterminates. In particular, there are precisely m! ideals
Ž . such that 2.5 holds.
Ž . Ž .Proof. By Proposition 2.2, H V is a simple U  -module with one-di-0
mensional D-invariant subspaces. Therefore, the ideal 
 is generated by
p t p t  c , c , r 1, . . . , l , 2.6Ž . Ž . Ž .r d r d r r
where the c are determined by the relations from Proposition 2.2 andr
p t , n1, . . . ,m , d n. 2.7Ž . Ž .n
One has
md1m1 d1
n n n n snp t  a t mod   t a  .Ž . Ž .Ý Ý Ýn i 0 0 r d
i0 r0 s0
Ž dn . Ž n .The inner sum equals d if d 
 n and   1    1  0 otherwise. It
follows that 
 . Since 
 is a maximal D-stable ideal of  , 
.
Ž . Ž . ŽFor the converse, consider a polynomial P X  X t  X0
.   Ž .t  X . Let e t , 0	 k	 r, denote the k th elementary symmetricm1 k
Ž .k k Ž .polynomial in t , . . . , t that is the coefficient of 1 X in P X and0 m1
Ž .set e t  0 if k	m. Recall the Newton identityk
k
j1 
ke t  1 p t e t , k . 2.8Ž . Ž . Ž . Ž . Ž .Ýk j kj
j1
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Ž . Ž .One immediately concludes that e t  0 mod  , 1	 s	 d 1. For anys
Ž .k, d	 k	m 1, write k rd




 s e t  1 p t e tŽ . Ž . Ž . Ž . Ž .Ýr d




jd1 1 p t e t mod  ,Ž . Ž . Ž . Ž .Ý jd Ž rj.d
s
j1
Ž . Ž . Ž .whence, by induction on r, e t  0 mod  if d k. Since e t is ak k
Ž s . Ž .homogeneous polynomial of degree k, it follows that e  t  e tk k
Ž . Ž . Ž . Ž . mod  for all s . Therefore, the image P X of P X in  X
sŽ . Ž . Ž .satisfies P  X  P X . On the other hand, the roots of P X are
s Ž .images of t , . . . , t in . Therefore,  t  t mod  for some0 m1 i  Ž i.
 S . Thus, up to a permutation of indeterminatesm
t   s t mod  0 s d , 0	 r l .Ž .r d
s r d
Now, for all r 1, . . . , l ,
r d r dt tid jd2p t p t md
 d 
  c mod  .Ž . Ž . Ž .Ýr d r d rž /ž /t tjd id0	ijl
 Ž .It follows that t t  mod  .i d jd
The above lemma implies that  is an intersection of all the ideals 
satisfying 2.5.
2.5
Ž .m Ž .Due to Lemma 2.4, we can identify V   with L m,  
Ž Ž .m.L V  endowed with the -module structure defined by
m1 dQ
Ž j.x P  Q  P a x   PQ, D  Q   ,Ž . Ž . Ž . Ž .Ý j dtj0
Ž .m  1  Ž j.for all x  ,   V  , P, Q t, t , where x is defined by0
Ž . Ž Ž .. Ž .1.2 . Set H L m,   L m,  .m
nn
LEMMA. Suppose that a , . . . , a are distinct.0 m1
Ž .1. Assume that   L m,  for some 0	 k	m and formk
n
Ž .some n  satisfies x r   0,  r . Then k 0. In particular eery
Ž . Ž Ž ..non-zero submodule of L m,  meets H L m,  .
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Ž Ž .. Ž .2. H L m,  generates L m,  .
Ž .Proof. Let I m, k be a set of all sets of k distinct integers between 0
and m 1.
1. We can write
  c   t n ,Ý I I
Ž .I I m , k
where
  x Ž i0 .  x Ž i k1. m 2.9Ž .Ž .I   
Ž Ž i j. .notice that the factor x just replaces  by  in the i th place . By   j
hypothesis,
m1
r Ž s. n
rx r   a c x   t  0.Ž . Ž .Ý Ý s I  I
s0 Ž .I I m , k
Ž r .m1Since the a are distinct, the matrix a is invertible and sos s r , s0
c x Ž s.   0,Ž .Ý I  I
Ž .I I m , k
for all s 0, . . . , m 1. Observe that x Ž s.  0 if s I while x Ž s.  I  I
 if s I. We conclude that Ý c   0. The  areIs4 I I Žm , k . : s I I Is4 Is4
linearly independent; hence c  0 if s I. Therefore, c  0 implies thatI I
s I. This forces k 0.
Ž . Ž Ž .. n2. Set LU  H L m,  and suppose that   t  L for allI
Ž . Ž .I I m, k , n . Then for any I I m, k fixed
x r   t n r  ar  t n , r 0, . . . , m k 1.Ž . Ž . Ý I j I  j4
jI
 r 4Since the a are distinct, the matrix a : j I, r 0, . . . , m k 1 isj j
n  Ž .invertible and so   t  L for all n  and all I  I m, k
 1 suchI
  4 n  Žthat I  I j for some j I. Then   t  L for all I  I m, k
I
. Ž .1 and n ; hence by induction on k, L L m,  .
Ž .3. MODULES OF TYPE m l , m
3.1
For all n  we denote by n the unique representative, 0	 n	m 1,
of the residue class of n modulo m.
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From now on we assume that  is generated by t  a t , i 1, . . . , m li i 0
 1, where a  b  s, 0	 r l , 0	 sm, and  is an mth complexr m
s r
primitive root of unity. We say that  is generic if, for all i j, bb is noti j
an mth root of unity and
p b , . . . , b  0, r 1, . . . , l .Ž . r m 0 l1
These conditions ensure that a , . . . , a are distinct and m is maximal.0 m l1
We always assume that  is generic. We proceed to describe simple
Ž .submodules of L m l,  and compute their characters.
r Ž .LEMMA. A submodule M of L m l,  with  generic generated by
m l r Ž . 0  t is simple. In particular, if m 1, then L l,  M is simple.
r Ž r .Proof. Observe that M is generated by H M , which is a simple
Ž 
. Ž . rU  -module. Let N be a non-zero U  -submodule of M . By Lemma
Ž . Ž r . Ž 
. Ž r .2.5, H N NH M is a non-zero U  -submodule of H M . Then
r rŽ . Ž .H N H M and M N.
r Ž .Obviously, M is a simple bounded module of type m l , m . Moreover,
Ž .by Proposition 2.2 any simple bounded module V of type m l , m is
r  4isomorphic to M  for some r 0, . . . , m 1 and a, wherea
 :   denotes the one-dimensional -module with highest weight .
In particular, M rM 0 ; hence dim M r  dim M 0, for all  .r r 
The module M r is generic if the corresponding ideal is.
3.2
Evidently,
M 0  U  m l t s .Ž . Ž .Ý k 
 ns m lk
n 
Ž .s0 mod m
Ž . kFor any   , . . . ,    , set0 k1
U  x   x  U  ,Ž . Ž . Ž .  0  k1
Ž .where   . Since U  is a commutative algebra, we may assume thati
Ž     . Slightly abusing standard terminology, we call   ,0 k1 0
. k  . . . ,    such that      and    
 
  nk1 0 k1 0 k1
a partition of n of length 	 k. We denote the set of partitions of n of
Ž .  Ž .4length 	 k by P n . Then, by the PBW theorem U : P n is ak  k
Ž .basis of U  . Definek 
n
P n , m  P n
 jm .Ž . Ž .k k
j
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m l n   0 Ž .4Then U   t : P n, m span M . For each   k m lk
n
Ž .P n, m ,k
U m l t n   m a   t n , 3.1Ž . Ž .Ý   I I
Ž .I I m l , k
Ž . Ž .where a  a , . . . , a ,  is defined by 2.9 and m denotes theI i i I 0 k1
monomial symmetric function in k variables
m z , . . . , z  z  Ž0.  z  Žk1. .Ž . Ý 0 k1 0 k1
Sk
Ž . lFor each k , . . . , k  such that 0	 k 	m and k 
 
k0 l1 j 0 l1
Ž Ž0. Ž l1 .. Ž j. Ž . Ž0. Ž l1 . k and each l-tuple I , . . . , I , I  I m, k , set  j I , . . . , I
 , whereI
I iŽ0. , . . . , iŽ0. , iŽ1.
m , . . . , iŽ1. 
m , . . . ,ž 0 k 1 0 k 10 1
iŽ l1 .
 l 1 m , . . . , iŽ l1 . 
 l 1 m .Ž . Ž . /0 k 1l1
Ž .Then 3.1 can be written as
U m l t n   
 m b  I Ž0. , . . . , b  I Ž l1 .Ý Ý Ž . 0 l1
Ž0.k 
 
k k Ž .0 l1 I  I m , k00	k 	m .j ..
Ž l1. Ž .I  I m , k l1
  Ž0. Ž l1 . t n , 3.2Ž .I , . . . , I
I Ž j. Ž i Ž j.0 i Ž j.k 1.jwhere b   b  , . . . , b  .j j j
3.3
Fix q, 0 qm. Denote by G the group of mth complex roots of unity
˜qwhich is isomorphic to m. Fix 0 qm and let G be a set of all
Ž .subsets of k elements of G. Write g g , . . . , g . The group G acts of0 q1
˜q ˜qŽ .G by gg gg , . . . , gg . Observe that there is a bijection between G0 q1
Ž . Ž .and the set I m, q defined in 2.5; namely, I I m, q corresponds to
g  I.
Ž . Ž j. Ž . Ž .Let us go back to 3.2 . With each I  i , . . . , i  I m, k we0 k 1 jjŽ j. I Ž j. ˜k j Ž .associate g   G . Then 3.2 becomes
U m l t n   m b g Ž0. , . . . , b g Ž l1 .Ž .Ý Ý   0 l1
k 
 
k k Ž0. k 00 l1 ˜g G
0	k 	m .j ..
Ž l1. k l1˜g G
  Ž0. Ž l1 .  t n , 3.3Ž .Žg , . . . , g .
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Ž j. Ž Ž j. Ž j. .where b g  b g , . . . , b g . Notice that the values of m are wellj j 0 j k 1 j
defined. Set
˜Žk 0 , . . . , k l1 . ˜k 0 ˜k l1G G  G
Ž0. Ž l1 . ˜Žk 0 , . . . , k l1 .Ž .and denote by g , . . . , g a generic element of G . Extend
˜Žk 0 , . . . , k l1 . ˜Žk 0 , . . . , k l1 .our G-action to the entire G and write G as a disjoint
union of G-orbits
˜Žk 0 , . . . , k l1 . Ž0. Ž l1 .G  G g , . . . , g ,Ž .
Žk , . . . , k .Ž0. Ž l1. 0 l1Ž .g , . . . , g O
where O Žk 0 , . . . , k l1 . stands for some fixed set of representatives.
  Ž . Ž .Since m is a homogeneous function of degree   n mod m , 3.3
reduces to
U m l t n   m b g Ž0. , . . . , b g Ž l1 .Ž .Ý Ý   0 l1
Žk , . . . , k .Ž0. Ž l1. 0 l1k 




  Ž0. Ž l1 .  t n ,Žg , . . . , g ,  
where
 Ž0. Ž l1 .  g   Ž0. Ž l1 . .ÝŽg , . . . , g . ,   g Žg , . . . , g .
Ž0. Ž l1.Ž .gGStab g , . . . , gG
Ž0. Ž l1 .Ž .  Ž .Ž0. Ž l1 .For n and P n, m fixed, the  : g , . . . , g k Žg , . . . , g .,  
Žk 0 , . . . , k l1 .4O are linearly independent. Moreover,
 Ž0. Ž l1 .  Ž0. Ž l1 .Žg , . . . , g . ,   Žg , . . . , g . ,  
0Ž .for all  ,P n, m . Therefore, dim M equals the rank ofk m lk
n
the matrix
M n , k  m b g Ž0. , . . . , b g Ž l1 .Ž .  4Ž . 0 l1
Ž .whose rows are indexed by P n, m and columns are indexed byk
Ž Ž0. Ž l1 .. Žk 0 , . . . , k l1 . Ž . lg , . . . , g  O for all possible k , . . . , k  such0 l1
Ž .that k 
 
k  k and 0	 k 	m. Although the matrix M n, k0 l1 j
depends on the choices of O Žk 0 , . . . , k l1 ., its rank does not. Indeed, replacing
Ž Ž0. Ž l1 .. Žk 0 , . . . , k l1 . Ž Ž0. Ž l1 ..g , . . . , g  O by g g , . . . , g for some gG, we
nŽ .just multiply the corresponding column of M n, k by g , which is a
non-zero complex number. Thus, we may identify O Žk 0 , . . . , k l1 . with the left
˜Žk 0 , . . . , k l1 .coset GG .
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4. THE CHARACTER FORMULAE
4.1
Ž . lFix k, 0 k	m l , and k , . . . , k  , k 
 
k  k and0 l1 0 l1
0	 k 	m. Denote the order of an element gG by ord g. Since G isj
Ž0. Ž l1 . Ž0. Ž l1 . ˜Žk 0 , . . . , k l1 .Ž . Ž .abelian, g Stab g , . . . , g , g , . . . , g G , impliesG
that g k r 1; hence ord g 
 k , r 0, . . . , l 1. Observe that if g , g r 1 2
Ž Ž0. Ž l1 .. Ž Ž0. Ž l1 ..Stab g , . . . , g , ord g  n , then Stab g , . . . , g also con-G i i G
Ž .tains an element of order lcm n , n . For all gG, set1 2
 Ž0. Ž l1 . ˜Žk 0 , . . . , k l1 .F g  g , . . . , g G :Ž .  Ž .Žk , . . . , k .0 l1
g Stab g Ž0. , . . . , g Ž l1 . .4Ž .G
 Ž .  Ž .Observe that F g  F h if g, h are of the same order.Žk , . . . , k . Žk , . . . , k .0 l1 0 l1
Therefore it makes sense to define, for all d 
m,
 Ž0. Ž l1 . ˜Žk 0 , . . . , k l1 .F d  g , . . . , g G :Ž .  Ž .Žk , . . . , k .0 l1
g Stab g Ž0. , . . . , g Ž l1 . , ord g d .4Ž .G
 ˜Žk 0 , . . . , k l1 . Ž . Ž .Observe that F 1 G and F m  unlessŽk , . . . , k . Žk , . . . , k .0 l1 0 l1
Ž .  Ž .km l . Now define F d  F d as follows:Žk , . . . , k . Žk , . . . , k .0 l1 0 l1
  F d  F d F d .Ž . Ž . Ž .Žk , . . . , k . Žk , . . . , k . Žk , . . . , k .0 l1 0 l1 0 l1
d	d
 Ž .It is a set of elements of F d which are stabilized only by gGŽk , . . . , k .0 l1
Ž Ž0. Ž l1 ..of order d and their powers. We say that an element g , . . . , g 
Žk 0 , . . . , k l1 . ˜Žk 0 , . . . , k l1 .O is of length r if the corresponding G-orbit in G
contains precisely r different elements. Notice that the G-orbit of each
Ž Ž0. Ž l1 .. Ž .g , . . . , g  F d contains exactly md different elements.Žk , . . . , k .0 l1
dŽk , . . . , k .0 l1  Ž . Therefore, O contains F d elements of length md.Žk , . . . , k .m 0 l1
xŽ .From now on we use the convention that  0 if either of x, y is noty
Ž . 
an integer. Let  n , n , denote the Mobius function. By definition,¨
Ž . Ž . Ž . r n  0 if n is divisible by a square and  n  1 if n is a product
of r distinct primes.
LEMMA. For any 0 d	m,




F  d  F  d  F  lcm d, d .Ž . Ž . Ž .Ž .Žk , . . . , k . Žk , . . . , k . Žk , . . . , k .0 l1 0 l1 0 l1
 Ž 2 .  Ž .In particular, F p d  F pd for p prime. Then, byŽk , . . . , k . Žk , . . . , k .0 l1 0 l1
the inclusionexclusion principle,
 F d  F d  F pdŽ . Ž . Ž .ÝŽk , . . . , k . Žk , . . . , k . Žk , . . . , k .0 l1 0 l1 0 l1
p prime

 F pqd  Ž .Ý Žk , . . . , k .0 l1
pq prime
    d F d d .Ž . Ž .Ý Žk , . . . , k .0 l1
d d 
m
Let us prove that
md mdF d   .Ž .Žk , . . . , k .0 l1 ž / ž /k d k d0 l1
 Ž .If d k , r 0, . . . , l 1, or dm then F d . Supposer Žk , . . . , k .0 l1
Ž Ž0. Ž l1 ..  Ž .that s  k d are integers and take g , . . . , g  F d .r r Žk , . . . , k .0 l1
m d Ž Ž0. Ž l1 .. Ž r . sr1² : Ž r .Then g  stabilizes g , . . . , g . Evidently, g  g gi0 i
Ž r . Ž r . ² : Ž r .as a set, for some distinct g , . . . , g G. Since an orbit g g is0 s 1 ir
uniquely determined by any of its elements, we may choose g Ž r .   Ž r .ii
mŽ r . Ž0.Žwhere 0	  	  1. Therefore, one can associate with g , . . . ,i d
Ž l1 ..  Ž . Ž Ž0. Ž l1 .. Žg  F d a unique l-tuple I I , . . . , I  I mŽk , . . . , k .0 l1
. Ž . Ž r . Ž Ž r . Ž r . .d, s  I md, s , where I   , . . . ,  . Conversely, any0 l1 0 s 1r
Ž Ž0. Ž l1 .. Ž . Ž .I I , . . . , I  I md, s   I md, s yields a unique0 l1
 Ž .element of F d , namelyŽk , . . . , k .0 l1
 I
Ž0.
,  m d  I
Ž0.
, . . . ,  mm d  I
Ž0.
, . . . ,Ž
 I
Ž l1 .
,  m d  I
Ž l1 .
, . . . ,  mm d  I
Ž l1 .
..
 Ž . Ž .Therefore, there is a bijection between F d and I md, sŽk , . . . , k . 00 l1
Ž .  I md, s .l1
4.2
Now we can compute the number of non-zero columns in the matrix
Ž . 0M n, k which gives an upper bound for dim M .m lk
n
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Ž Ž0. Ž l1 .. Žk 0 , . . . , k l1 .LEMMA. Let g , . . . , g be an element of O of length
md, d 
m. If d n then all homogeneous symmetric functions f in k
Ž0. Ž l1 . kŽ . Ž .ariables, deg f n mod m anish at b g , . . . , b g  . If0 l1
Žd 
 n then there exists a homogeneous symmetric polynomial f , deg f n mod
. Ž Ž0. Ž l1 ..m , such that f b g , . . . , b g  0.0 l1
Ž Ž0. Ž l1 .. Ž . Ž r .Proof. Assume that g , . . . , g  F d . Then gg Žk , . . . , k .0 l1
g Ž r ., r 0, . . . , l 1, for any gG of order d; hence, for any homoge-
neous symmetric function f in k variables of degree n,
f b g Ž0. , . . . , b g Ž l1 .  f b gg Ž0. , . . . , b gg Ž l1 .Ž . Ž .0 l1 0 l1
n Ž0. Ž l1 . g f b g , . . . , b g .Ž .0 l1
Ž0. Ž l1 .Ž .Therefore, if d n, then f b g , . . . , b g  0.0 l1
˜Žk 0 , . . . , k l1 .  Define a map G  X by
k 1l1 r
Ž0. Ž l1 . Ž r .
Ž0. Ž l1 .g , . . . , g  P X  X b g .Ž .Ž . Ž .Ł ŁŽg , . . . , g . r i
r0 i0
Ž .Ž0. Ž l1 .Since for all i j, bb is not an mth root of unity, P X i j g Žg , . . . , g .
Ž . Ž Ž0. Ž l1 ..Ž0. Ž l1 .P X if and only if g Stab g , . . . , g . On the otherŽg , . . . , g . G
hand, that equality holds if and only if
e b gg Ž0. , . . . , b gg Ž l1 .  g re b g Ž0. , . . . , b g Ž l1 .Ž . Ž .r 0 l1 r 0 l1
 e b g Ž0. , . . . , b g Ž l1 . ,Ž .r 0 l1
Ž Ž0. Ž l1 ..for all r, 1	 r	 k. Thus, gG stabilizes g , . . . , g if and only if
e b g Ž0. , . . . , b g Ž l1 .  0, 1	 r	 k , ord g r .Ž .r 0 l1
Ž Ž0. Ž l1 .. Ž .Suppose that d 
 n and g , . . . , g  F d . Then there existsŽk , . . . , k .0 l1
Ž . Ž Ž0. Ž l1 ..u	 kd, such that gcd u, m  1 and e b g , . . . , b g  0. In-ud 0 l1
Ž Ž0. Ž l1 ..deed, since g , . . . , g is stabilized by gG of order d,
e b g Ž0. , . . . , b g Ž l1 .  0, unless d 
 r .Ž .r 0 l1
Ž Ž0. Ž l1 ..  If, however e b g , . . . , b g  0 unless d 
 r for some d 
m,r d 0 l1
Ž Ž0. Ž l1 .. then g Stab g , . . . , g for all g of order d d, which is a contradic-G
tion. Yet u is a multiplicative unit of m; hence there exists 0  	m
n dŽ . Ž . Ž . 1 such that u 1 mod m . Then f x , . . . , x  e x , . . . , x1 k ud 1 k
is the desired homogeneous symmetric polynomial.
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Ž . Ž .COROLLARY. The number N n of non-zero columns in M n, k equalsk
1 m ld




 d   dgcd d , n , 4.2Ž . Ž . Ž .Ž .n  dgcd d , nŽ .Ž .
0Ž . Ž .and  d is the Euler function. In particular, dim M 	N n .m lk
n k
Ž Ž0. Ž l1 .. Žk 0 , . . . , k l1 .Proof. By Lemma 4.2, if g , . . . , g  O is of length
Ž .md, then a homogeneous symmetric polynomial F of degree n mod m
Ž Ž0. Ž l1 ..not vanishing at b g , . . . , b g exists if and only if d 
 n. Since F0 l1
Ž .can be written as a linear combination of m : P n, m we conclude k
Ž . Ž Ž0. Ž l1 ..that a column of M n, k corresponding to g , . . . , g contains a
Ž .non-zero entry if and only if d 
 n. By Lemma 4.1, the number N n ofk
Ž .non-zero columns in M n, k equals
d
N n  F dŽ . Ž .Ý Ýk Žk , . . . , k .0 l1mk 
 
k k d 
m , n0 l1
0	k 	mr
l1 1 mdd d dŽ . Ý Ý Ł ž /k ddm rr0k 
 
k k d 
 n , dd 
m0 l1
0	k 	mr
l1 1  dŽ .md
 d . 4.3Ž .Ý Ý Ł Ý ž /k d  m drr0k 
 
k k d 
m d 
 d , d 




 d  d . 4.4Ž . Ž .Ý 
 dd 
 d
Ž .Motivated by 4.4 , we define
 dŽ .
 d  d .Ž . Ý n
  dd 
 d , d 
 d n
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Ž .Then 4.3 yields
l11 md






  d .Ž .Ý n ž /kdm d 
m
Ž . Ž .  Denote the right-hand side of 4.2 by f n, d . Observe that d 
 d, d 
 d n
Ž .  Ž .implies that dgcd d, n 
 d . If dgcd d, n is divisible by a square, then so
 Ž . Ž . Ž .is d ; hence  d  0. Thus, in that case  d  0 f n, d . Further-n
Ž . 1  r Žmore, suppose that d p  p gcd d, n  p  p d , where gcd d ,1 r 1 r 0 0
.     p , . . . , p  1. Then d 
 d, d 
 d n if and only if d  p  p d , d 
1 r 1 r 0 0
Ž .  Ž .gcd d, n and we may assume that d 
 d for otherwise  d  0. Recall0 0
Ž  . 1Ž .that  is a multiplicative function and  p  p p 1 for any
prime p. Then
 p  p dŽ .1 r 0
 d  dŽ . Ý n
 p  p d1 r 0d 
 d0 0
 p  p  dŽ . Ž .1 r 1  11 r p  p d Ý 1 r 0
 dd 
 d0
 p1   p r  dŽ .Ž . Ž .1 r 0r r 1  11 r 1 p  p  d  1Ž . Ž . Ž .1 r 0 p  1  p  1Ž . Ž .1 r
 dŽ .r 1  f n , d ,Ž . Ž .
p  1  p  1Ž . Ž .1 r
Ž .where we used 4.4 and the multiplicative property of the Euler function.
Ž . Ž . Ž . Ž .Finally, if d 
 n then  d   d  f n, d by 4.4 .n
Ž .Suppose that l 1. Then the number N n coincides, if at least one ofk
Ž . Ž  .m and k is odd, with the number n of solutions cf. 2, p. 87 ofk
n x 
 
x mod m , 0	 x    x m.Ž .1 k 1 k
4.3
Ž . m1 Ž .Observe that  1  1 for all n; hence Ý  1 m.n n0 n
LEMMA. Let d	 1 be a diisor of m. Then
m1
 d  0. 4.5Ž . Ž .Ý n
n0
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Ž . Ž .Proof. By definition 4.2 of  d ,n
m1  dŽ .




   . 4.6Ž .Ý p 1 q 1Ž . Ž .Ž .gcd n , d dpq
pq primes
 4In all the sums in the right-hand side n runs through the set 0, . . . , m 1 .
Ž . s Ž . ŽLet q , . . . , q be distinct prime divisors of d. Evidently, 1  d  q 1 s 1
. Ž . Ž .1  q  1 appears in 4.6 with the coefficient that equals the cardinal-s
ity of a set
0	 n	m 1 : gcd n , d  d q  q ; 4Ž . Ž .1 s
that is, by the inclusionexclusion principle,
m m
 Ýdq  q dq  q  qˆ1 s 1 i s1	i	s
m m

    q  1  q  1 .Ž . Ž .Ý 1 sdq  q  q  q dˆ ˆ1 i j s1	ij	s
Ž .Therefore, the right-hand side of 4.6 boils down to
m dŽ . r r1 
    0,ž / ž /ž /1 2d
where r is the number of distinct prime factors of d.
4.4
Now we are able to complete the proof of Proposition 1.3.
Proof of Proposition 1.3. Retain the notation of 2.12.3 and 3.1. There

exist m, l such that M V, where V is a generic simple bounded
0 aŽ .module of type m l , m . Since VM  for some a, ch V ea
ch M 0. By Lemma 3.1, the modules M r, r 0, . . . , m 1, are simple and
r s m1 r Ž .M M  0, 0	 r s	m 1. Set L M  L m l,  . Evi-r0
Ž Ž .. Ž .dently, H L m l,   L; hence, by Lemma 2.5, L m l,   L.
Ž .Therefore, L m l,   L and
m1
m lrdim M  dim L m l ,   . 4.7Ž . Ž .Ý m lk
nm lk
n ž /kr0
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On the other hand,
m1 m1 m1




m1 m11 m ld
 N r   d .Ž . Ž .Ý Ý Ýk rž /kdmr0 d 
m r0
By Lemma 4.3, the inner sum equals zero if d	 1 and m if d 1. Thus,
m1
m lrdim M 	 ,Ý m lk
n ž /kr0
Ž . Ž .which, together with 4.7 and Lemma 4.2, implies 1.3 .
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